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Abstract—Flexible hybrid electronics (FHE) is emerging as a
promising solution to combine the benefits of printed electronics
and silicon technology. FHE has many high-impact potential
areas, such as wearable applications, health monitoring, and
soft robotics, due to its physical advantages, which include light
weight, low cost and the ability conform to different shapes.
However, physical deformations in the field can lead to significant
testing and validation challenges. For example, designers must
ensure that FHE devices continue to meet their specs even when
the components experience stress due to bending. Hence, physical
deformation, which is hard to emulate, has to be part of the test
procedures for FHE devices. This paper is the first to analyze
stress experience at different parts of FHE devices under different
bending conditions. We develop a novel methodology to maximize
the test coverage with minimum number of text vectors with the
help of a mixed integer linear programming formulation. We
validate the proposed approach using an FHE prototype and
COMSOL Multiphysics simulations.

Index Terms—Flexible hybrid electronics, test, COMSOL Mul-
tiphysics, stress, integer linear programming

I. INTRODUCTION

Flexible electronics, including silicon wafer on plastic sub-

strates, have been around since the 1960s. They have prolif-

erated into the marketplace in recent years with roll-to-roll

fabrication of a Si:H solar cells on flexible steel and organic

polymer substrate [1]. They can enables a variety of energy

harvesting and flexible display solutions [2][3]. However, the

performance of flexible devices is still not up to par with

performance of integrated circuit components, thus preventing

their use in high performance devices.

Flexible hybrid electronics (FHE) is emerging as a promis-

ing solution to combine the benefits of printed electronics and

silicon technology [4][5]. FHE has many high-impact potential

areas, such as wearable applications, health monitoring, and

soft robotics [6][7][8][9], due to its physical advantages, which

include light weight and the ability conform to different shapes

by bending and stretching.

To ensure specified functionality under various bending and

twisting conditions, FHE devices impose new design, test, and

design automation challenges [5][10]. For example, bending

can reduce the maximum power generated by a photovoltaic

cell by more than 50% [11] and increase the mechanical

stress [12]. Similarly, it can damage the connection between

the pins of the rigid ICs and flexible substrate. To account

for this effect, the specifications of the design need to be

augmented into a new dimension that defines the flexibility

of the substrate. This specification needs to include worst

case bending and twisting conditions. In order to take this

requirement into account during the design phase, a new

metric, called flexibility has been defined and constraint-based

optimization algorithms have been developed for designing

FHE boards [13].

FHE devices pose additional burdens on the board test

process as well. Traditionally, rigid boards are tested through

the application of pre-defined test patterns with the help of

a tester along with on-board and on-chip structures, such

as the JTAG interface [14][15]. During testing, the boards

are kept on a flat surface without any mechanical stress.

Unfortunately, this form of testing is not adequate for FHE

devices for two reasons. First, the characteristics of traces

and solder joints on FHE substrates change when the devices

are bent or twisted [16][17]. Electromechanical simulations

can help determine the worst case bending/twisting conditions

and predict the stress induced by the mechanical stimulus.

However, it is not possible to fully correlate the electrical

parameters measured in neutral and bent/twisted states due

to process variations. Second, mechanical stress can cause

fractures after manufacture, which will make the devices fail

only after bending and twisting [18][19]. Due to these two

issues, FHE devices must be tested under bending conditions,

which induce different levels of stress on different locations of

the FHE boards. Therefore, a thorough test procedure needs

to apply many types of mechanical stress to FHE devices to

cover worst case scenarios [17][18][19].

The application of mechanical stress on the FHE devices

can be accomplished via a specialized test set-up [20] where

one side of the FHE board is fixed and a force is applied to

the other side. From this perspective, the fixed location of the

board and the location where the force is applied can take

on many values. For instance, one edge of the board can be

fixed at multiple locations, spread out by centimeters, where

the force can be applied from any other edge, and location.

Figure 1 shows this concept for a simplified board layout with

12 solder joints, and 3 traces, each of which can be a fault.

Point A is chosen as the fixed location, and Point B is chosen

as the moving location. Points AB generate a mechanical

stress pattern with the faults distributed along the cantilever

formed by these two points. When the force, F, is applied,
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Fig. 1. Illustrative example of an FHE board with rigid components, solder
joints, and traces generating potential parametric and catastrophic faults along
the chosen mechanical stress pattern AB.

the faults will be stressed to varying degrees depending on

their location on the cantilever [5]. The choice of the fixed

and moving positions (AB) results in O(n2) potential stress

patterns, where n is the number of distinct positions along

the edges of the board. Application of multiple mechanical

stress patterns necessitates re-positioning the board, with a

large test time overhead (hundreds of milliseconds to seconds),

thereby increasing test cost and reducing the throughput.

Thus, methodologies are needed to reduce this mechanical

test overhead for FHE boards as much as possible to keep

the overall product cost at a manageable level.

This paper addresses the problem of optimizing the me-

chanical stress patterns for FHE boards such that all potential

fault locations are stressed adequately during testing to ensure

proper operation in the field. Our goal is the reduce the

number of bending and twisting conditions (defined by one

fixed and one moving location) to eliminate the unnecessary

combinations. We observe that each trace or solder joint will

reside on the path of multiple mechanical stress patterns.

Hence, there is considerable redundancy in mechanical stress

application when all n2 combinations are taken into account.

We define the minimum stress conditions based on the spec-

ification of bending and twisting curvature as dictated by

the application. We determine the maximum stress in each

potential fault location based on this curvature and optimize

mechanical stress patterns to cover all fault locations with this

level of stress. We conduct our experiments on a prototype

FHE [5] designed as a device wearable around the wrist.

We use the COMSOL multiphysics environment to evaluate

the stress conditions for each fault location and integer linear

programming (ILP) to optimize the stress patterns.

II. RELATED WORK

Flexible electronics refer to integrated circuits imple-

mented on bendable, rollable, conformable, or elastic sub-

strates [21][22], while the term flexible hybrid electronics im-

plies integration with rigid ICs [4][23]. This integration aims at

combining the physical advantages of flexible electronics with

the superior performance and power consumption of traditional

silicon technology [5].

Flexible devices introduce new challenges to design automa-

tion and test due to the need to apply mechanical stress during

testing [13][16]. Mechanical stress is needed to ensure proper

operation in the field and can be in the form of bending

and twisting [18]. In several recent studies, flexible devices

are tested under three types of mechanical stress, convex and

concave radius of curvature, and torsional stress [18][24]. It is

shown that the parameters of a flexible OPAMP change signif-

icantly under various stress conditions, necessitating multiple

stress test patterns.

In [25], a mechanical stress unit is designed for electrical

characterization under mechanical stress. This unit can bend

or twist the FHE in multiple ways. An apparatus that can

bend the FHE device along its length or width is presented

in [26][17]. The board is placed between two parallel plates,

where one plate is moving to enable the bending operation.

The movable plate is moved with a speed of 50 mm/s to enable

bending. Electrical characteristics of the traces on the board

show significant shift under mechanical stress. In [19], a test

mechanism is generated to duplicate an application-specific

operation condition, i.e. bending of the arm. The part is placed

on this apparatus and electrical test are conducted before, dur-

ing, and after bending. The experiments show significant shifts

in trace and solder characteristics during bending. Majority of

these shifts recover in the flat position while a subset of traces

and solder joints experience irreversible damage. In [27], a 4-

point stress testing mechanism is developed to bend and twist

the board in multiple axes. Again, the authors report change

in electrical characteristics of the traces and solder joints.

Prior and ongoing work in the testing of FHE devices

clearly show the need for mechanical stress testing. However,

application of all possible stress patterns would be costly in

terms of test time and would limit throughput. The goal of this

paper is to determine an optimum set of critical mechanical

stress patterns to exercise the board as specified.

III. METHODOLOGY

FHE devices need to be mechanically stressed during test

process in order to ensure their correct operation in the field.

This stress that results from bending or twisting can be

modeled in general by fixing a point along one of the edges

of the FHE board, and applying a force at another location,

creating a curvature pattern along the beam formed by the

two ends. We use COMSOL, a multi-physics simulator, to

evaluate the stress along the beam at various locations. During

testing, we stress the solder joints as well as traces to make

sure their electrical characteristics are up to specifications and

to detect any latent fractures. Thus, each solder joint or trace is



a potential fault, either parametric or catastrophic, that needs

to be tested, as illustrated in Figure 1. The faults are stressed to

different levels depending on their location along each beam.

The flow of the proposed optimization approach is outlined

in Figure 2. We start with the FHE layout as well as the

bending/twisting specification, which is expressed as a radius

of curvature (ROC) [28]. We also set a stress multiplier, α,

which is the allowed overstress amount. The minimum value

of α is 1, and the maximum value determined is experimen-

tally. We build the FHE layout in COMSOL multiphysics

simulator and label potential fault locations. We simulate

various bending/twisting conditions (by bending the device

between two points, AB) to determine a critical spacing

parameter, k, where the stress is almost identical through

vertical dimension with respect to the line formed by AB.

Next, we choose exhaustive mechanical stress patterns through

dividing each edge by this increment, k, forming potential end

points for mechanical stress. Thus, if the FHE dimensions are

W ×L, there are 2(W +L)/k potential fixed (A) and moving

(B) positions for the entire FHE board. Each combination AB

forms a cantilever for mechanical stress application. Then,

we determine the displacement amount, D, that provides the

specified ROC for each cantilever AB. Each cantilever AB
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Fig. 2. Flow of the proposed mechanical stress optimization methodology

Fig. 3. Bending Stress

is simulated with progressively increasing force to meet this

displacement requirement. Once the necessary force is found,

it is stored along with the stress it causes at each fault location.

Next, we analyze the stresses at fault locations. For each

fault, Fi, we determine the minimum required stress, SFi

min

as the maximum stress that fault experiences under any of

the cantilevers. We form a new matrix where the force is

increased by its stress multiplier, α and the new stress amounts

are determined. Our optimization goal after this step is to

determine a minimum set of chosen stress patterns, {AB},

such that each fault undergoes the required minimum stress.

A. Stress in Cantilever

Normal stress is a stress that when a member is loaded

by an axial force, which is typically expressed in terms of

“N/m2”[29] equation as shown in:

σ =
F

A
(1)

where F is the applied force and A is the cross-sectional area.

Bending stress is a more specific type of normal stress.

Adding a load on a beam, top fibers undergo a compressive

stress, the bottom fibers undergo a tensile stress. On the neutral

axis, the stress is zero, as shown in Figure 3[29]. We can

express the stress along a cantilever as:

σb =
My

Ic
(2)

where M is the bending beam moment, Ic is moment of inertia

of the beams cross section, and y is vertical distance away

from the neutral axis. For a more realistic rectangle model, as

shown in Figure 4, the moment of inertia in two dimensions,

x-axis, and y-axis, can be expressed as in Equation 3:

Icx =
bh3

12
Icy =

hb3

12
(3)

Equation 3 can be used to pre-select a subset of cantilevers

where stress at potential fault locations are maximized. Since

relying on first-level approximations is not adequate, we also

use the COMSOL multiphysics simulator to determine the

actual stress exerted by a given stress pattern AB.

B. Radius of Curvature and Displacement

Each application has its own flexibility specifications. For

instance, a device designed to be worn on the wrist has

different bending requirements than a device designed to be



Fig. 4. The rectangle model

worn on the arm. Similarly for a wrist-wearable device, the

bending requirements depends on whether it is intended for

adults, children, or infants. Based on the application needs,

one can determine the worst case bending scenario. Along

the same example, a wearable device for infants (e.g. used

in hospitals for tracing) has a much more stringent bending

requirement, where a radius of curvature can be determined

based on the average size of an infant. The ROC therefore

is a specification dictated by the application. Based on the

specified ROC, we can determine the simulation parameters.

This process is illustrated in Figure 5. The flexible device is

bent to fit an average adult wrist with a given radius, R.

In our simulation platform, we need to fix one end of

the cantilever and apply force on the other end, causing a

displacement. This displacement amount needs to match the

given ROC requirements. This is illustrated in Figure 6, where

the points AB represent the two ends of the cantilever under

no stress conditions and points AE represent the same two

ends under the stress conditions. D represents the displacement

of cantilever’s moving end, and R represents the radius of

curvature. The slice of the circle with end points AE have the

same length, L, as the cantilever, which results in an central

angle, θ. Thus, for a given cantilever with length, L, and the

radius of curvature specification, R, we can determine the

displacement, D, using Equation 4. The required displacement

amount varies with the length of each cantilever.

D = R(1− cos
L

R
) (4)

Fig. 5. Bending the FHE based on a given radius of curvature

L

R

D

Rcosq

q = L/R

L

q 

A
B

E

Fig. 6. Determining required displacement, D, from the given bending
specifications as radius of curvature, R, and the cantilever length, L.

C. Optimization Algorithm

After simulating each cantilever with the required displace-

ment amount in COMSOL, we determine the stress experi-

enced by each fault. For a given fault, there may be multiple

cantilevers that stress it to various degrees. Since we are trying

to meet a maximum ROC requirement, we need to ensure that

each fault undergoes the maximum stress amount taken over

all cantilevers. That will be our minimum stress requirement.

We can move forward with our optimization with the

minimum stress requirement. However, this may result in the

selection of all cantilevers. Thus, we provide a margin to allow

faults to be covered with multiple cantilevers. We define a

multiplier factor, α > 1, to stress faults beyond their required

minimum. This parameter α is determined experimentally

from initial characterization samples. By increasing the force

applied by a factor of α, we ensure that fewer cantilevers are

selected for stress. We use Integer Linear Programming (ILP)

formulation for the optimal selection of cantilevers.

In ILP, we first define a coverage matrix denoted by A.

In our formulation, A is an N × M matrix, where N is

the number of faults, and M is the number of simulated

cantilevers. If cantilever j stresses a given fault Fi to the

minimum required amount SFi

min, it is said to cover that fault.

Hence, the corresponding entry in A is set to 1, while all the

other entries of A in that row remain as 0. We also define

three additional matrices as follows. b is N × 1 matrix and c
is an M × 1 matrix with all entries equal to 1. Finally, the

entries of the M × 1 matrix x are set to either 0 or 1 by the

optimization process to minimize cTx subject to the following

constraints:

min cTx , subject

{

Ax ≥ b

xi ∈ 0,1

IV. RESULTS AND DISCUSSION

We illustrate the simulation setup and the optimization

process through an FHE prototype built at ASU [5]. The

dimension of the board is 3cm×6cm. As shown in Figure 7,

the prototype contains 12 rigid chips and various interconnects

between them. Table I shows the location and parameters of



Fig. 7. Prototype FHE Layout where the marked numbers are the rigid chip
locations

the 12 chips on the prototype. We construct a 3D model of the

layout in COMSOL (as illustrated in two dimensions in Figure

8) and simulate this layout under multiple bending/twisting

combinations. This process is illustrated in Figure 9 for two

mechanical stress patterns. We observe that stress occurs

mostly along the cantilever formed by the endpoints of the

stress pattern. We also observe that the layout can be divided

into grids where the stress is nearly identical. Based on this

observation, we determine a minimum spacing to form the

cantilevers. We set this spacing to where stress along the width

of the cantilever is nearly identical (less than 1% difference in

stress). This enables us to determine the potential mechanical

stress patterns (AB) to exhaustively explore the entire layout.

Through simulations, we find the critical spacing to be 1.5cm.

TABLE I
ALL BLOCKS PARAMETERS( UNIT: MM )

Block Width Depth Height X Y Z

Substrate 30 60 0.3 0 0 0

1 2.45 3.7 0.6 6.5 30.7 0.3

2 3.8 3.8 0.6 11 37.6 0.3

3 3.8 3.8 0.6 12 29.2 0.3

4 2.45 3.7 0.6 17 28.5 0.3

5 2.8 3.6 0.6 20.5 29.2 0.3

6 4.8 4.8 0.6 17.5 21.5 0.3

7 6.5 6 0.6 23 13.5 0.3

8 2.45 3.7 0.6 21.2 8.7 0.3

9 1.65 3.25 0.6 17.8 14 0.3

10 1.65 3.25 0.6 20.65 4.6 0.3

11 2.4 5.8 0.6 14.5 4.6 0.3

12 1.65 3.2 0.6 11.2 10.5 0.3

Before simulating each cantilever, we also observe that

some of the stress patterns do not exert sufficient stress on

any of the fault locations. We use Equation 2 and Equation 3

to eliminate cantilevers that will not exert sufficient stress on

any of the fault locations. Next, we construct the 3D model of

each viable cantilever, which includes solder joints and traces

along the cantilever, to simulate under varying applied force.

Analysis of the prototype layout leads to 192 faults, includ-

ing all the traces and solder joints. In this work, we assign one

fault for each vertical and horizontal segment. If the trace is

long, it can be divided into more segments, resulting in more

faults in the layout. We set the required radius of curvature

as 15cm. Setting the cantilever width 1.5cm generates 84

Fig. 8. Pins and Wires on Substrate

potential cantilevers (excluding fixed/movable pairs on the

same edge). Majority of these cantilevers do not stress any

component or generate stress conditions that are too weak.

After the initial analysis of stress using Equations 2 and 3,

we determine 27 cantilevers that stress the fault locations. Note

that application of all 27 mechanical stress patterns would

result in unreasonably long test time as the device needs to

be re-positioned between subsequent stress patterns. From the

given ROC requirement, and using Equation 4, we determine

the required displacement amount for each cantilever. We then

form the 3D COMSOL model of each cantilever and simulate

the stress under various force conditions. We find the force

needed to obtain the required displacement amount. For each

cantilever and fault location, we determine the mechanical

stress under this necessary force. Next, we use the stress

multiplier α to increase the force for each cantilever. The

coverage matrix, A is determined based on this new force

amount. Then, we use our ILP formulation to select the subset

of cantilevers that provide the necessary stress.

Table II summarizes the results on the experimental device.

When α is 1, we only apply the necessary amount of force

based on the ROC specifications, severely limiting the number

of cantilevers that can provide this level of stress. 19 out of

27 cantilevers are selected under this condition, resulting in

roughly 30% reduction in the number of mechanical stress

patterns. As α increases, more cantilevers cover each fault, and

the number of selected stress patterns decreases accordingly.

Fig. 9. Stress on the entire board layout for two mechanical stress patterns.



TABLE II
NUMBER OF SELECTED MECHANICAL STRESS PATTERNS BASED ON

STRESS MULTIPLIER

α 1 5 10 50 100

Cantilevers 19 14 13 10 10

V. CONCLUSIONS

FHE devices are expected to proliferate into the consumer

market with explosive growth. However, testing of FHE de-

vices introduces the additional complexity of needing to use

mechanical stress patterns in the form of bending and twisting.

Since electrical characteristics may shift during mechanical

stress and traces and solder joints can fracture, it is necessary

to apply multiple stress patterns to ensure that all traces and

joints are tested under worse case conditions. This paper

presented a methodology to enable selection of an optimum

set of mechanical stress patterns to cover all potential fault

locations and exert the required mechanical stress as dictated

by the application. The proposed methodology is validated

using an FHE prototype and COMSOL simulations.
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